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Abstract
We present the general solution of the system of coupled nonlinear equations describing
dynamics of D–dimensional bosonic string in the geometric (or embedding) approach.
The solution is parametrized in terms of two sets of the left- and right-moving Lorentz
harmonic variables providing a special coset space realization of the product of two (D−2)
dimensional spheres
SD−2 =
SO(1,D − 1)
SO(1, 1) × SO(D − 2) ⊂×KD−2 .
Introduction
The bosonic string (and p-brane) theory allows a geometric description in terms of extrinsic
geometry of the worldsheet treated as a surface embedded into a flat D-dimensional Minkowski
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space [1, 2, 3, 4] 1.
In this approach the dynamics of a free relativistic string is described by the Maurer-Cartan
equation supplemented with the additional conditions which insure the string worldsheet to be
a minimal surface embedded into the flat target space-time. All these additional constraints
can be solved algebraically, after which one is left with some so(1, D − 1) valued connection
form whose curvature vanishes due to the Maurer-Cartan equations [5]. Thus, though the string
in the geometric approach is described by nonlinear equations [1, 2, 5], the latter are finally
reduced to the zero curvature conditions for a so(1, D − 1) valued connection form properly
specified in terms of the independent field variables [5].
The system of independent equations describing a free string theory in the Minkowski space
of arbitrary dimension D was derived, for the first time, by Zheltukhin [1]. In the form when
all the gauge symmetries inherent in the string theory are retained, this system is formed by
the WZNW sigma-model-type equation
∂(−−)
(
(∂(++)G)G
T
)ij
= e2WG[i|kM (++)k(−−) M
(−−)|j]
(++) (1)
for the SO(1, D− 1) valued matrix field Gij
GGT = I ,
and the Liouville-type equation
∂(++)∂(−−)W =
1
4
M
(−−)i
(++) G
ijM
(++)j
(−−) e
2W (2)
for a “scalar density” eW [5]. Thus the considered system involves these two independent fields,
as well as two chiral SO(D − 2) vector fields M (−−)i(++) , M (++)i(++) ,
∂(−−)M
(−−)j
(++) = 0, ∂(++)M
(++)j
(−−) = 0, (3)
which appear in the right hand side.
Already at the early stage of developing the geometric approach it was observed that at
least for the low dimensions D this system is exactly solvable. Indeed, it is reduced to the
Liouville equation for D = 3 and a complex Liouville equation for D = 4. The general solution
for D = 5 was found in [2]. However, for the generic case the general solution of the equations
(1), (2), (3) was unknown so far.
In this paper we present the general solution of these equations for any value of D.
First of all, our result gives a new example of non-trivial system of exactly solvable nonlinear
equations.
Secondly, this opens a possibility to study the classical and quantum string theory in terms
of new left- and right-moving variables which parametrize the general solution.
The meaning and origin of our results require some comments.
The standard equations of motion for the string theory become linear in the conformal
gauge. The general solution of these linear equations is given by the sum of chiral functions
1See [3] for a supersymmetric generalization of the classical surface theory and its application to superstrings
and N = 1 superbranes.
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(subjected to the Virasoro constraints). The string-inspired nonlinear equations (i.e. the equa-
tions describing bosonic string theory in the geometric approach) encode the information about
just the same dynamical system. Thus it is natural to expect (and, as we demonstrate here,
this is indeed the case) that these equations are exactly solvable and that their general solution
should be expressible in terms of chiral data.
Thus, the first step was to seek for an adequate set of chiral variables appropriate for
constructing the general solution. It turned out that the necessary variables were provided by
the harmonic approach [6] adapted to the case of Lorentz groups in refs. [7] - [11].
Namely, in ref. [8] it was found that the “constrained chiral twistor-like variables” (which
can be identified with the spinor SO(1, D − 1) Lorentz harmonics [9, 10, 11]) can be used to
obtain a covariant solution of the chiral Virasoro constraints
∂(++)X
m
L ∂(++)X
m
L = 0, ∂(−−)X
m
R ∂(−−)X
m
R = 0,
∂(−−)X
m
L = 0, ∂(++)X
m
R = 0, (m = 0, 1 . . .D − 1)
which are to be imposed on the solutions X
m
L , X
m
R of the string equations of motion in the
conformal gauge. The D = 3, 4, 6 strings were treated in this way. It was analysed how
the fields composed from such chiral twistors are related to the corresponding string-inspired
nonlinear equations.
Here, instead of solving the chiral Virasoro constraints of D-dimensional string theory, we
construct two chiral moving frames given by the two sets of chiral SO(1, D−1) Lorentz harmonic
variables [7], and identify the left- and right-moving vectors ∂(++)X
m
L and ∂(−−)X
m
R with the
light-like components of the relevant harmonic matrix. Each set of the moving frame variables
parametrizes a special coset space of the group SO(1, D − 1). Despite the fact that the group
SO(1, D − 1) on its own is non-compact, this coset space is compact and is isomorphic to the
D-dimensional sphere [10]
SD−2 = SO(1, D− 1)/[SO(1, 1)× SO(D − 2) ⊂×KD−2] .
It turns out to provide us with the appropriate chiral data for constructing the general solution
of the string-inspired nonlinear equations (1) – (3). We construct such a solution explicitly and
argue that this is the general one.
Basic notation
Our conventions basically coincide with those of Refs. [5]. The indices m,n, ... = 0, 1 =
(++), (−−) (vm ≡ v±± = (v0±v1)) label the worldsheet vectors, whilem,n, ... = 0, 1, ..., (D−1)
are the flat target space vector indices.
For the tangent space indices we use the notations a, b, ... = 0, 1 and a, b, ... = 0, 1, ..., (D−1).
Thus, in all cases, underlined indices correspond to the D-dimensional target space and the
non-underlined ones refer to the two-dimensional (d = 2) worldsheet.
The indices +,− denote the weights of tangent space vectors and spinors with respect to
both the worldsheet Lorentz group SO(1, 1) and the SO(1, 1) subgroup of the target space
Lorentz group SO(1, D− 1). These two subgroups are identified with each other in the version
of the “geometric approach” to string theory which forms the basis of the present consideration
(see [3, 5] and refs. therein). E.g., we write V a = (V 0, V 1) = (1
2
(V ++ + V −−), 1
2
(V ++ − V −−))
for the d = 2 tangent space vectors (and reserve the notations ψα = (ψ+, ψ−) for the d = 2
3
spinors which appear in supersymmetric generalizations of our approach). The indices +,−
within the parentheses denote the weights with respect to the d = 2 conformal symmetry, e.g.
dξm = (dξ0, dξ1) = (1
2
(dξ(++) + dξ(−−)), 1
2
(dξ(++) − dξ(−−))). The weights with respect to the
chiral affine SO(1, 1)L and SO(1, 1)R transformations are indicated in the same way.
We use the subscripts L and R to denote the chiral functions of the string worldsheet
coordinates ξm = (ξ(++), ξ(−−))
fL = fL(ξ
(++)), fR = fR(ξ
(−−)),
∂(−−)fL = 0, ∂(++)fR = 0 .
They should not be confused with the calligraphic subscripts L and R carried by some fields.
The chiral Lorentz harmonics (chiral moving frame variables) are denoted by the letters l and
r, while the generic (non-chiral) Lorentz harmonics are denoted by u.
1 Geometric approach to string dynamics and
string–inspired nonlinear equations
1.1 Lorentz harmonics
We begin with the definition of the moving frame variables (Lorentz harmonics [6, 7]) which
are the basic ingredients of the geometric approach to D-dimensional bosonic string theory
[11, 3, 5]
u am (ξ) ≡
(
1
2
(u++m + u
−−
m ), u
i
m,
1
2
(u++m − u−−m )
)
(4)
m = 0, 1, ..., D− 1, a = 0, 1, ..., D − 1 .
These objects are subject to the following orthonormality conditions
umaumb = ηab ≡ diag(1,−1, ...,−1), (5)
⇔


u++m u
m++ = 0, u−−m u
m−− = 0,
u++m u
m−− = 2,
u++m u
mi = 0, u−−m u
mi = 0,
uimu
mj = −δij .
They imply that the D ×D matrix u am (4) belongs to the group SO(1, D− 1)
u am (ξ) ∈ SO(1, D− 1) . (6)
The completeness condition
u amuna ≡
1
2
u++m u
−−
n +
1
2
u−−m u
++
n − uimuin = ηmn ≡ diag(1,−1, ...,−1) (7)
follows from Eq. (5). In Eqs. (4), (7) the light-like notation is used
u++m ≡ u0m + uD−1m = u0m − uD−1m = u−−m, (8)
u−−m ≡ u0m − uD−1m = u0m + uD−1m = u++m .
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The constraints (5), (7) as they stand are invariant under the local SO(1, D − 1) transfor-
mations acting on the tangent space indices a, b, .... Below we will see that for the purpose of
constructing the geometric approach description of the string theory this symmetry should be
restricted to SO(1, 1)⊗SO(D−2) in accordance with the splitting (4). Just this local symme-
try is respected by the basic geometric postulate of such a description, namely by the condition
that the Lorentz harmonic frame be adapted to the string worldsheet (see Eq. (23) below).
This means that two of (D − 2) vectors u am are chosen to be tangent to the worldsheet while
the remaining ones uim are orthogonal to it. The local (gauge) symmetry SO(1, 1)⊗SO(D−2)
reflects, respectively, the freedom of the d = 2 Lorentz rotation of the vectors u0,(D−1)m tan-
gent to the worldsheet and SO(D) rotations of the vectors uim orthogonal to the worldsheet
(in the light-like notation (8) the d = 2 rotations are reduced to the opposite weight scaling
transformations of the vectors u++ and u−−).
Thus the vectors uam appropriate for the description of the external geometry of the bosonic
string worldsheet parametrize the non-compact coset space
SO(1, D − 1)
SO(1, 1)× SO(D− 2) . (9)
In other words, the harmonics (4) regarded as the worldsheet fields define a map of the
worldsheet M(1,1) = {ξm} onto the non-compact coset (9)
uam : M(1,1) = {ξm} →
SO(1, D− 1)
SO(1, 1)× SO(D − 2) . (10)
Below we will see that the basic ingredients of the sought general solution of the string-
inspired equations will be smaller sets of left- and right-moving Lorentz harmonics parametrizing
some compact subspaces in the chiral copies of the coset space (9).
1.1.1 Cartan 1–forms
Differentials of the harmonic variables can be calculated with taking into account the conditions
(4). Differentiating Eq. (4) produces the equation
duamu
bm + u amdubm = 0
which can be solved as follows
du am = u
b
mΩ
a
b (d) ⇔


du ++m = u
++
m ω + u
i
mf
++i(d),
du −−m = −u −−m ω + u imf−−i(d),
duim = −ujmAji + 12u++m f−−i(d) + 12u−−m f++i(d) .
(11)
Here
Ω
a
b ≡ umb duam =


ω 0 1√
2
f−−i(d)
0 −ω 1√
2
f++i(d)
1√
2
f++i(d) 1√
2
f−−i(d) Aji(d)

 , Ωab ≡ η acΩ bc = −Ωba (12)
are the SO(1, D−1) Cartan forms (in the vector representation of the SO(1, D−1) generators).
Due to (4), they are naturally divided into the SO(1, 1)× SO(D − 2) covariant forms
f++i ≡ u++m dumi, (13)
5
f−−i ≡ u−−m dumi, (14)
which constitute a vielbein of the non-compact coset space SO(1,D−1)
SO(1,1)⊗SO(D−2) , the SO(1, 1) (spin)
connection
ω ≡ 1
2
u−−m du
m ++ , (15)
and the SO(D − 2) connections (gauge fields)
Aij ≡ uimdum j ≡ −ujmdumi . (16)
1.1.2 Parabolic subgroup
As was mentioned above, the choice of the tangent space local group as SO(1, 1)⊗SO(D) (and
the coset space (9) for Lorentz harmonics) is motivated by the adaptation postulate which
“solders” harmonics to the worldsheet and is so relevant just to the geometric description of
strings. Formally, the same harmonic (moving frame) variables (4) can be used to give a
geometric description of the massless particle. But in this case the adaptation of the moving
frame would consist in requiring that one of the light–like vectors, e.g. u++m , is tangent to the
worldline, while ui and u−− are orthogonal to it. Such an adaptation is covariant with respect
to the following right gauge transformations [10] (see also [9], where the Hamiltonian form of
the corresponding D = 4 transformations has been presented)
u++m
′ = u++m V
−1,
uim
′ = (u++m V
−−j + ujm)V
ji, (17)
u−−m
′ = (u−−m + u
++
m V
−−iV −−i + 2uimV
−−j)V .
The transformations (17) form the maximal proper subgroup (parabolic subgroup) SO(1, 1)×
SO(D − 2) ⊂×KD−2 of the Lorentz group SO(1, D − 1) [10]. An arbitrary element of this
subgroup is characterized by the SO(1, 1) transformation V = eα, the matrix V ij of SO(D −
2)-orthogonal rotations and the parameters V −−i of the boosts KD−2. Thus, in the case of
geometric description of massless particle, as well as in any case when the adaptation of the
moving frame involves only one light–like moving frame vector, the harmonics uam (4) can be
regarded as parameters of the compact coset space
SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂×KD−2 . (18)
It is isomorphic to a (D − 2)–dimensional sphere SD−2 [10].
The Cartan forms (13), (14), (15), and (16) are transformed under (17) as follows
f++i′ = f++jV jiV −1, (19)
f−−i′ =
(
f−−j + 2DV −−j − 2f++k(V −−kV −−j − 1
2
δkjV −−lV −−l)
)
V ji, (20)
DV −−j ≡ dV −−j + ωV −−j − V −−kAkj,
ω′ = ω − f++iV −−i + V dV −1, (21)
6
Aij′ = (V −1AV )ij − (V −1dV )ij − 2f++kV k[i|V −−lV l|j] . (22)
Though the KD−2 transformations (17) with the parameters V −−i are not the gauge sym-
metries of the whole bosonic string theory, they play a crucial role for understanding the
group-theoretical structure of the general solution of the nonlinear equations (1), (2) (see Sec-
tion 3) 2. Moreover, to define the general solution, we introduce two chiral sets of moving frame
variables, l(a)m and r
(a)
m (see Section 2.2). Their “adaption” is realized just in the “particle–like”
fashion and, thus, respects covariance under the chiral counterparts of the maximal parabolic
symmetry (17) (cf. (82), (83)).
1.2 The first-order form of string equations and the geometric
approach to string theory
The Lorentz harmonics give us a possibility to rewrite the string equations of motion in the
first order form, namely, as the following set of equations [11, 3, 5]
dXm =
1
2
e++u−−m +
1
2
e−−u++m, (23)
d(e++u−−m − e−−u++m) = 0 . (24)
Here e±± = dξm e±±m is a worldsheet vielbein. While dealing with (23) and (24), one should
take into account the restrictions (11) on the differentials of the harmonic variables.
Eq. (23) is the adaptation relation already referred to in the consideration above. It plays
the basic role in the geometric approach to strings. In particular, it implies that the intrinsic
worldsheet metric is identified with the induced one
1
2
(e++m e
−−
n + e
−−
m e
++
n ) = gmn = ∂mX
m∂nXm . (25)
The geometric meaning of Eq. (23) consists in the statement that the string worldsheet is
a surface embedded into the D–dimensional Minkowski space-time. On its own right, it has no
any dynamical content and gives rise to purely geometric consequences.
The integrability conditions (ddX ≡ 0) for Eq. (23) are as follows
T++ ≡ de++ + e++ ∧ ω = 0 , T−− ≡ de−− − e−− ∧ ω = 0 , (26)
e++ ∧ f−−i + e−− ∧ f++i = 0 ⇔ f −−i−− − f ++i++ = 0 . (27)
Thus they require the torsion 2–forms T±± to vanish, thereby imposing proper constraints on
the induced spin connection ω. Besides, they imply the SO(1, 1) invariant components of the
covariant one–forms f++i and f−−i to coincide with each other
f −−i−− = f
++i
++ =
1
2
hi . (28)
The quantity hi can be easily recognized as the main curvatures of the embedded surface [4].
Indeed, using Eq. (23) to express the light–like harmonic vectors in terms of derivatives of the
embedding functions X , we arrive at the standard expression for the main curvatures
hi = gmnKimn, K
i
mn = −∂m∂nXmuim . (29)
2It was noted in [5] that the boost symmetry allows one to introduce a non-trivial dependence on a spectral
parameter into the connection 1-forms entering the zero curvature representation for the nonlinear equations
(1), (2).
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1.2.1 Minimal embedding
Using Eq. (11), one finds that Eq. (24) implies the vanishing of the main curvatures (28)
hi = 0 . (30)
Thus the surface defined by Eq. (24) is minimal [4].
On the other hand, expressing all the auxiliary variables u and e through the derivatives of
the embedding functions X(ξ) and using the induced metric (25)
gmn ≡ ∂mXm∂nXm , (31)
and its inverse gmn, one can rewrite Eq. (30) (or (24)) in the form
∂m(
√−ggmn∂nXm
)
= 0 , (32)
which is the standard string equations of motion pertinent to the Nambu–Goto action (see [5]
for details). Thus the strings dynamics in the geometric approach is contained just in eq. (24).
Note that it is important for the geometric approach description that the minimal embedding
is described by the covariant Cartan forms f++i, f−−i containing in their decomposition only
one of the two basic forms e−−, e++
f++i = e−−f ++i−− , f
−−i = e++f −−i++ (33)
(cf. Eqs. (28), (30)). Actually, Eqs. (33) encode three previous equations: (27), (28) and (30).
Thus the string dynamics is finally encoded just in Eqs. (33).
1.3 Maurer-Cartan equation and the string-inspired nonlinear
equations
The integrability conditions for Eqs. (11) produce the Maurer-Cartan equations
dΩab − Ωac ∧ Ωcb = 0 . (34)
Owing to Eq. (4), Eqs. (34) naturally split into the following equations for the coset vielbeins
f±±i (13), (14) and the connection one-forms ω, Aij (15), (16)
Df++i ≡ df++i − f++i ∧ ω + f++j ∧Aji = 0 , (35)
Df−−i ≡ df−−i + f−−i ∧ ω + f−−j ∧Aji = 0 , (36)
R ≡ dω = 1
2
f−−i ∧ f++i , (37)
Rij ≡ dAij + Aik ∧ Akj = −f−−[i ∧ f++j] . (38)
Eqs. (35) –(38) amount to the Peterson-Codazzi, Gauss and Ricci equations of the classical
surface theory [4].
Thus, in the geometric approach framework, the dynamics of string is described by the
vielbein e±± and the set of Cartan forms ω, f±±i, Aij which satisfy Eqs. (26), (33) and the
Maurer-Cartan Eqs. (35) – (38) [4, 1, 2, 3, 5].
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The most essential general feature of this approach is that Eqs. (33), (26), (35), (36) can
be solved algebraically [5].
Indeed, using the fact that any connection is integrable on any one-dimensional subspace,
we can specify the expressions for the SO(1, 1) and SO(D − 2) connection one-forms in the
following way
ω = e++∇++(W − L)− e−−∇−−(W + L) , (39)
Aij = e++∇++GikRGjkR + e−−∇−−GikLGjkL , (40)
where GL and GR are some SO(D− 2) group matrices,
GLGTL = I, GRG
T
R = I . (41)
Eqs. (39), (40) provide a possibility to rewrite Eqs. (26), (35), (36) as the conditions of
closeness of some one-forms
d(e++ exp(W + L)) = 0 , d(e−− exp(W − L)) = 0 . (42)
d
(
f++iGjiR exp(−W + L)
)
= 0 , d
(
f−−iGjiL exp(−W − L)
)
= 0 (43)
(Eqs. (33) have been used when deriving (43)).
The general solution of Eqs. (42) (up to some possible topological subtleties which are
unessential for the present study) is provided by
e++ = dξ(++)M
(++)
(++) (ξ
(++)) exp(−W −L) , e−− = dξ(−−)M (−−)(−−) (ξ(−−)) exp(−W +L) . (44)
Here ξ(±±) are some functions of the string worldsheet coordinates with the only defining
demand that their differentials are linearly-independent one-forms. It is convenient, however,
to choose ξ(±±) as a set of local coordinates on the worldsheet
ξm = ξ(±±) . (45)
This choice fixes the gauge with respect to the worldsheet reparametrizations (general coor-
dinate transformations) so that only 2-dimensional conformal reparametrizations survive (see
Eq. (61) below).
In the holonomic basis dξ(±±) the components of the vielbein form e±± are given by
e++(++) =M
(++)
(++) exp(−W − L) , e++(−−) = 0 ,
e−−(++) = 0 , e
−−
(−−) =M
(−−)
(−−) exp(−W + L) ,
e
(++)
−− = 0 , e
(−−)
−− = 2(M
(−−)
(−−) )
−1 exp(W − L) ,
e
(++)
++ = 2(M
(++)
(++) )
−1 exp(W + L) , e(−−)++ = 0 ,
(46)
the induced metric (25) is conformally flat
ds2 = dξmdξngmn = dξ
(++)dξ(−−)M (++)(++)M
(−−)
(−−) e
2W (47)
and the covariant derivatives are proportional to the corresponding holonomic ones
e++∇++ = dξ(++)∂(++), e−−∇−− = dξ(−−)∂(−−) . (48)
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Hence, the expressions (39) and (40) for the gauge connections can be rewritten as follows
ω = dξ(++)∂(++)(W − L)− dξ(−−)∂(−−)(W + L) , (49)
Aij = dξ(++)∂(++)G
ik
RG
jk
R + dξ
(−−)∂(−−)G
ik
LG
jk
L . (50)
Finally, using the holonomic basis, one can write down the general solution of the Peterson–
Codazzi equations (43) for the covariant forms (33) as
f++i = dξ(−−)eW−LGijRM
(++)j
(−−) (ξ
(−−)) , (51)
f−−i = dξ(++)eW+LGijLM
(−−)j
(++) (ξ
(++)) , (52)
where vector fields M
(++)j
(−−) , M
(−−)j
(++) are chiral, similarly to the parameters M
(++)
(++) , M
(−−)
(−−) of
the solutions (44) of Eqs. (26)
∂(++)M
(++)j
(−−) = 0 , ∂(−−)M
(−−)j
(++) = 0 .
Thus, following [5], we have solved algebraically all the equations except for the Gauss and
Ricci ones (37), (38). Substituting (49), (50), (51), (52) into Eqs. (37) and (38), we obtain the
set of nonlinear equations
∂(++)∂(−−)W =
1
4
M
(++)i
(−−) (G
T
LGR)
ijM
(−−)j
(++) e
2W , (53)
∂(−−)
(
(∂(++)GL)GTL
)ij − ∂(++)
(
(∂(−−)GR)GTR
)ij
+
[
(∂(++)GL)GTL , (∂(−−)GR)G
T
R
]ij
=
= e2W (GLM
(++)
(−−) )
[i(GRM
(−−)
(++) )
j] (54)
describing the extrinsic geometry of the string worldsheet embedded into a D–dimensional
Minkowski space.
1.4 Zero curvature representation and the associated linear system
As we saw, most of the equations of the geometric approach (33), (26), (35), (36) can be solved
algebraically and the final set of the string-inspired nonlinear equations (53), (54) emerges as
the result of substitution of these algebraic solutions into the Gauss and Ricci equations (37),
(38). Since the latter constitute a part of the Maurer–Cartan equation (34), one can conclude
that the zero curvature representation for the nonlinear equations (53), (54) is given by the
Maurer–Cartan equation (34) for the so(1, D−1) valued connection one-forms specified by Eqs.
(12), (49), (50), (51), (52).
The associated linear system is provided by Eq. (11) with the forms (34) specified by Eqs.
(12), (49), (50), (51), (52).
A non-trivial dependence on a spectral parameter can be introduced into the associated
linear system by means of the parabolic subgroup transformations (17) [5].
Thus the nonlinear equations (53), (54) possess all the features inherent to the equations
which can be solved by the Inverse Scattering Method [13]. Below we will prove that they
are solvable even in a more strong sense, like the Liouville, Toda or WZNW sigma-model
equations. Namely, we will deduce an explicit form of the general solution. It is interesting
that the solution can be obtained by exploiting the parabolic group transformations (17). We
will demonstrate this in the last section of the present paper.
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1.5 Symmetries and bridges
The obtained nonlinear equations and their zero curvature representation (34), (12), (49), (50),
(51), (52) possess a number of powerful symmetries.
As was already mentioned, the local (gauge) symmetries of the string model form the
SO(1, 1)× SO(D − 2) group
ω′ = ω + V dV −1 = ω + α , (55)
Aij′ = (V −1AV )ij − (V −1dV )ij , (56)
f++i′ = V −1f++jV ji , (57)
f−−i′ = V f−−jV ji . (58)
The matrix fields GL,R appearing in Eqs. (51), (52) and (50) are transformed homogeneously
under the SO(D− 2) gauge symmetry
Gij′L,R = G
kj
L,RV
ki = (V −1)ikGkjL,R , (59)
whereas the field L is pure gauge
L′ = L− α , V = e−α . (60)
In other words, it is a compensator (or Nambu-Goldstone field) for the SO(1, 1) gauge symme-
try.
Examining the expressions (44), (51), and (52), one concludes that our system possesses
two types of the infinite-dimensional global symmetries whose parameters can be combined into
left-moving and right-moving (chiral) functions. One of them is the d = 2 conformal symmetry
dξ(++)′ = dξ(++)sL(ξ(++)) , dξ(−−)′ = dξ(−−)sR(ξ(−−)) , (61)
∂(−−)sL = 0, ∂(++)sR = 0 .
The second one is realized as chiral rescalings of the chiral fields M
(++)
(++) and M
(−−)
(−−) present in
Eqs. (51), (52)
M
(++)
(++)
′ =M (++)(++) e
hL , M
(−−)
(−−)
′ =M (−−)(−−) e
hR , (62)
∂(−−)hL = 0 , ∂(++)hR = 0 .
Clearly, these rescalings can be treated as a sort of affine (or Kac-Moody) SO(1, 1)L and
SO(1, 1)R symmetry transformations (i.e. as SO(1, 1) transformations with the parameters
depending on ξ(++) and ξ(−−), respectively).
The full set of non-trivial transformations of these symmetries on the involved fields is given
by
M
(++)
(++)
′ =M (++)(++) s
−1
L e
hL , M
(−−)
(−−)
′ =M (−−)(−−) s
−1
R e
hR , (63)
(W + L)′ = (W + L) + hL − α , (W − L)′ = (W − L) + hR + α ,
(M
(−−)i
(++) )
′ =M (−−)i(++) s
−1
L e
−hL , (M (++)i(−−) )
′ =M (++)i(−−) s
−1
R e
−hR .
We observe that the chiral fields M
(++)
(++) , M
(−−)
(−−) can be regarded as the “bridges” relating
the affine SO(1, 1)L, SO(1, 1)R groups to the corresponding chiral parts of the 2-dimensional
conformal group, while
eW+L = (eW+L)
(++)
++ , e
W−L = (eW−L)(−−)−−
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as the bridges relating affine SO(1, 1)L and SO(1, 1)R to the gauge SO(1, 1) symmetry. Since
the symmetries (61), (62) offer the possibility to choose the gauge 3 M
(++)
(++) = M
(−−)
(−−) = 1 , in
what follows, for simplicity, we will make no distinction between the SO(1, 1)L,R indices and
conformal ones. We will also use the superscript (−−) instead of the SO(1, 1)L subscript (++)
for the chiral vector field M
(−−)i
(++) (the chirality of the latter field, ∂(−−)M
(−−)i
(++) = 0, excludes
any confusion).
In addition, our equations possess an invariance under right multiplication of the SO(D−2)
valued fields GL and GR by chiral SO(D − 2) matrices HR and HL. So, the complete form of
the appropriate symmetry transformations is
GL
′ = V −1GLHL , GR
′ = V −1GRHR , (64)
M
(−−)i ′
(++) = H
ij
LM
(++)j
(−−) , M
(−−)j
(++)
′ = H ijRM
(−−)j
(++) , (65)
HLH
T
L = HRH
T
R = I , ∂(−−)HL = ∂(++)HR = 0 . (66)
Thus the orthogonal matrix fields GL and GR can be regarded as bridges between the gauge
SO(D − 2) transformations and affine chiral SO(D − 2)L and SO(D − 2)R transformations,
respectively.
1.6 Simplified form of the nonlinear equations
The system of nonlinear equations (53), (54) can be significantly simplified by using the SO(D−
2) gauge symmetry with parameters V ij to fix a gauge
GL = 1 , GR = G . (67)
Then the sigma-model-type equation (54) acquires the simplest WZNW sigma-model-type
form (1)
∂(−−)
(
(∂(++)G)G
T
)ij
= e2WG[i|kM (++)k(−−) M
(−−)|j]
(++) , (68)
whereas the Liouville-type equation (53) becomes (2)
∂(++)∂(−−)W =
1
4
M
(−−)i
(++) G
ijM
(++)j
(−−) e
2W . (69)
The gauge (67) is invariant under the action of two chiral affine SO(D−2) symmetries with
the parameters HL(ξ
(++)) and HR(ξ
(−−)), action of which on the matrix field G is given by
G′ = H−1L GHR , ∂(−−)HL = ∂(++)HR = 0 . (70)
2 General solution of the string-inspired nonlinear
equations
2.1 Standard string equations of motion, their solution and Virasoro
constraints
We start by discussing the familiar string equations of motion and Virasoro conditions in the
standard setting. The study of the relationship of the solutions of these equation with the
3They also make it possible to fix the value of the norm of the chiral vector fields M±±i(∓∓) (see [5]).
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Lorentz harmonics (which, as was mentioned above, provide the associated linear system for
the considered nonlinear equations) opens a possibility to construct the general solution of the
nonlinear equations (69), (68).
The equations of motion of D-dimensional bosonic string following from the Nambu-Goto
action (see [12] and Refs. therein) has the form (32)
∂m
(√−ggmn∂nXm
)
= 0 , (71)
where (recall eq. (31))
gmn ≡ ∂mXm∂nXm (72)
is the induced metric, gmn is its inverse and g = det(gmn).
In the conformal gauge (see, e.g. [12]) the string equation (71) becomes linear
∂˜(++)∂˜(−−)X
m ≡ ∂
∂ξ˜(++)
∂
∂ξ˜(−−)
Xm = 0 (73)
and has a general solution
Xm = X
m
L +X
m
R , ∂˜(−−)X
m
L = 0 , ∂˜(++)X
m
R = 0 . (74)
The chiral functions X
m
L (
˜ξ(++)), X
m
R (
˜ξ(−−)) are subjected to the Virasoro constraints
∂˜(++)X
m
L ∂˜(++)XLm = 0 , ∂˜(−−)X
m
R ∂˜(−−)XRm = 0 . (75)
Let us compare the solution (74) with the expressions (23) and (44) obtained in the geometric
approach
dXm =
1
2
dξ(++)e−W−LM (++)(++)u
−−m +
1
2
dξ(−−)e−W+LM (−−)(−−)u
++m . (76)
Since, due to Eq. (44), the induced metric is conformally flat in the coordinate frame ξ(±±),
we can identify these worldsheet coordinates with the “conformal coordinates” ξ˜(±±) used in
the standard string description (71)–(75)
ξ(±±) = ξ˜(±±) .
Thus Eqs. (76) and (74) result in
∂(++)X
m
L (ξ
(++)) =
1
2
e−W−LM (++)(++) (ξ
(++))u−−m , (77)
∂(−−)X
m
R (ξ
(−−)) =
1
2
e−W+LM (−−)(−−) (ξ
(−−))u++m .
It is easy to verify that the Virasoro constraints (75) are satisfied for the functions (77).
It is worth noticing that the l.h.s. of Eqs. (77) includes the chiral functions only (cf. (74)),
while the r.h.s. involve the functions W , L, u±± which from the very beginning were assumed
to depend on both coordinates ξ(±±).
We will demonstrate below that the origin of this fact lies in that any solution of the string
equation produces a solution of the string–inspired nonlinear equations, i.e. the equations (53),
(68) which describe the extrinsic geometry of the string worldsheet.
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2.2 Chiral harmonics
In ref. [8] it was discussed how to find an appropriate set of chiral functions for obtaining an
explicit expression for the W and Gij = (G−1)ji fields which enter the nonlinear equations (53),
(68). Constrained twistors have been proposed as such variables for the case of bosonic string
theories in dimensions D = 3, 4, 6. Such twistors can be regarded as spinor Lorentz harmonics
[10, 11]. Their only property to be essential for our purposes is that they can be used to
define the appropriate vector moving frame. This allows one to avoid complicated calculations
associated with the use of the spinor moving frame or spinor harmonic formalism [11] and to
obtain the solution of nonlinear equations describing the extrinsic geometry of bosonic string
moving in the Minkowski space of any dimension D in terms of the vector Lorentz harmonics
only.
Let us introduce two extra sets of Lorentz harmonics (moving frame variables)
r(a)m (ξ
(−−)) =
(
r(±±)m , r
i
m
)
∈ SO(1, D − 1) , (78)
l(a)m (ξ
(++)) =
(
l(±±)m , l
i
m
)
∈ SO(1, D− 1) ,
each depending only on the ξ(−−) and ξ(++) coordinates of the string worldsheet.
Recall that the condition (78) means
r
m
(a)rmb = η(a)(b) ≡ diag(1,−1, ...,−1) , (79)
⇔


r(++)m r
m(++) = 0 , r(−−)m r
m(−−) = 0 ,
r(++)m r
m(−−) = 2 ,
r(++)m r
mi = 0 , r(−−)m r
mi = 0 ,
rimr
mj = −δij .
l
m
(a)lmb = η(a)(b) ≡ diag(1,−1, ...,−1) , (80)
⇔


l(++)m l
m(++) = 0 , l(−−)m l
m(−−) = 0 ,
l(++)m l
m(−−) = 2 ,
l(++)m l
mi = 0 , l(−−)m l
mi = 0 ,
liml
mj = −δij .
Further, we identify the chiral vectors ∂(−−)X
m
R and ∂(++)X
m
L with the components r
(++) =
r(++)(ξ(−−)) and l(−−) = l(−−)(ξ(++)) of these sets of chiral harmonics
∂(++)X
m
L =
1
2
M
(++)
(++) (ξ
(++))l(−−)m(ξ(++)) , ∂(−−)X
m
R =
1
2
M
(−−)
(−−) (ξ
(−−))r(++)m(ξ(−−)) . (81)
In such a way we adapt the chiral frames to the left and right sectors of the string worldsheet.
Since other components of the left- and right-moving frame variables l(a)m , r
(a)
m remain arbitrary,
we have just a “particle–like” situation in the present case. Hence, Eqs. (81) possess the
invariance under the affine
(SO(1, 1)⊗ SO(D − 2) ⊂×KD−2)L and (SO(1, 1)⊗ SO(D− 2) ⊂×KD−2)L
symmetries with chiral parameters
VL(ξ
(++)) = ehL, V
(++)i
R (ξ
(++)), V ij(ξ(++)) = V −1ji(ξ(++))
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and
VR(ξ
(−−)) = ehR , V (−−)iR (ξ
(−−)), V ij(ξ(−−)) = V −1ji(ξ(−−))
respectively4. The corresponding transformations read
r(++)′m = r
(++)
m VR ,
ri′m = (r
j
m + r
(++)
m V
(−−)i
R )V
ji
R , (82)
r(−−)′m = (r
(−−)
m + r
(++)
m V
(−−)i
R V
(−−)i
R + 2r
i
mV
−−i
R )V
−1
R ,
l(−−)m = l
(−−)
m VL ,
lim = (l
j
m + l
(−−)
m V
(++)i
L )V
ji
L , (83)
l(++)m = (l
(++)
m + l
(−−)
m V
(++)i
L V
(++)i
L + l
i
mV
(++)j
L )V
−1
L .
Hence, each set of chiral harmonics parametrizes the sphere (18). As they depend only
on one of the worldsheet coordinates, ξ(−−) or ξ(++), they map one of the light-like sectors,
M(0,1) = {ξ(−−)} or M(1,0) = {ξ(++)}, of the worldsheet M(1,1) = {ξm} = {ξ(++), ξ(−−)} onto
two copies of this sphere
r(a)m : M(0,1) = {ξ(−−)} → SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂×KD−2 , (84)
l(a)m : M(1,0) = {ξ(++)} → SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂×KD−2 . (85)
Below we denote the spaces of all possible images of these maps by S
(D−2)
L and S
(D−2)
R , respec-
tively.
The chiral counterparts of the Cartan forms (12) contain only one of the chiral holonomic
basic 1–forms dξ(−−) or dξ(++)
f
(++)i
R = dξ
(−−)f (++)i(−−)R = r
(++)mdrim , f
(++)i
(−−)R = r
(++)m∂(−−)rim (86)
f
(−−)i
R = dξ
(−−)f (−−)i(−−)R = r
(−−)mdrim , f
(−−)i
(−−)R = r
(−−)m∂(−−)rim (87)
ωR = dξ
(−−)ω(−−)R =
1
2
r(−−)mdr(++)m , ω(−−)R =
1
2
r(−−)m∂(−−)r
(++)
m (88)
AijR = dξ
(−−)Aij(−−)R =
1
2
rimdrjm , A
ij
(−−)R =
1
2
rim∂(−−)r
j
m (89)
f
(++)i
L = dξ
(++)f
(++)i
(++)L = l
(++)mdlim , f
(++)i
(++)L = l
(++)m∂(++)l
i
m (90)
f
(−−)i
L = dξ
(++)f
(−−)i
(++)L = l
(−−)mdlim , f
(−−)i
(++)L = l
(−−)m∂(++)l
i
m (91)
4 The affine symmetry SO(1, 1)L⊗SO(1, 1)R proves to be “soldered” to the worldsheet conformal symmetry
when the gauge M
(++)
(++) = 1 = M
(−−)
(−−) is imposed.
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ωL = dξ
(++)ω(++)L =
1
2
l(−−)mdl(++)m , ω(++)L =
1
2
l(−−)m∂(++)l
(++)
m (92)
AijL = dξ
(++)Aij(++)L =
1
2
limdljm , A
ij
(++)L =
1
2
lim∂(++)l
j
m . (93)
The transformations of these 1–forms under the left and right affine SO(1, 1)⊗SO(D−2) ⊂
×KD−2 symmetry (82) and (83) are determined by the chiral version of Eqs. (19)–(22) and its
evident “left” counterpart respectively. It is worth noting that only the forms
f
(++)i
R = dξ
(−−)f (++)i(−−)R and f
(−−)i
R = dξ
(++)f
(−−)i
(++)L
transform covariantly under (82) and (83). These forms are vielbeins of the ’chiral spheres’
SD−2R (84) and S
D−2
R (85), respectively.
2.3 Relation of general and chiral harmonics: solving the
Liouville–type equation
Substituting Eq. (81) into Eq.(77), one obtains the expression for the chiral light–like mov-
ing frame vector fields l(−−)m(ξ(++)), r(++)m(ξ(−−)) in terms of generic light–like harmonics
u−−m, u++m, the Liouville field W and compensator L
l(−−)m(ξ(++)) = e−W−Lu−−m , r(++)m(ξ(−−)) = e−W+Lu++m . (94)
Contracting both sides of these two equations in indices m, we get the expression for the field
W in terms of chiral harmonics
e−2W =
1
2
l(−−)mr(++)m . (95)
For D = 3 Eq. (95) produces the general solution of the Liouville equation in a special
parametrization (see Appendix ).
A similar solution for the Liouville equation in the conformal gauge was presented in Ref.
[8]. The Cartan-Penrose representation in terms of bosonic spinors was used there for chiral
light-like vectors l(−−)m and r(++)m .
In the generic case of higher D it is necessary to get the suitable representation for the
SO(D − 2) matrices Gij as well.
2.4 Relation of general and chiral harmonics: solving the
sigma–model–type equation
To obtain the expression for SO(D− 2) matrix field G, let us analyze the consequences of Eq.
(94) for the moving frame vectors ui. First of all, one finds
l(−−)muim = 0, r
(++)muim = 0 . (96)
Eqs. (96) mean that the decompositions of the ui harmonic over the chiral left- and right-moving
ones have no terms proportional to l(++) and r(−−), respectively
uim = −(ljm − V j(−−)l(−−)m )U jiL , (97)
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uim = −(rjm + V i(++)r(++)m )U jiR . (98)
The newly introduced matrices U jiL and U
ji
L are expressed through the contractions of chiral
harmonics with the generic ones as follows
U jiL = l
jmuim , U
ji
R = r
jmuim . (99)
So they can easily be checked to be orthogonal matrices
U jkL U
ik
L = δ
ji , U jkL U
ik
L = δ
ji . (100)
The proof uses the unity decomposition (7) and the corollaries of Eqs. (94)
u−−mlim = 0 , u
++mrim = 0 . (101)
To find the relations between UL,R and GR,L, one should consider the derivatives of the
UL,R fields
∂(−−)U
ji
L = l
jm∂(−−)u
i
m and ∂(++)U
ji
R = r
jm∂(++)u
i
m
and use the decomposition (11) to express the derivatives of the generic harmonics in terms of
components of the Cartan forms (51)–(50). In such a way one arrives at
(
∂(−−)U
kj
L
)
UkiL =
(
∂(−−)G
jk
R
)
GikR ,
(
∂(++)U
kj
R
)
UkiR =
(
∂(++)G
jk
L
)
GikL . (102)
Eqs. (102) mean that the GL (GR) field differs from the (transposed) matrix field UR (UL) by
an affine SO(D − 2)L (SO(D− 2)R ) transformation only (cf. (70))
GijR = H
jk
L (ξ
(++))UkiL = u
imlkmH
kj
L (ξ
(++)) , (103)
GijL = H
jk
R (ξ
(−−))UkiR = u
imrkmH
jk
R (ξ
(−−)) ,
HLH
T
L = I, ∂(−−)HL = 0 , HRH
T
R = I, ∂(++)HR = 0 . (104)
The expression for V i(++) follows from the first equation in (96) upon substituting (98) and
using Eqs.(94), (103), (95). In this way one gets
V i(++) =
1
2
e2W l(−−)mrim . (105)
In the same manner one can obtain
V i(−−) =
1
2
e2W r(++)mlim (106)
from Eq. (97) and the second of Eqs. (96).
Now we can rewrite Eqs. (97), (98) in terms of chiral harmonics and the functions entering
the nonlinear equations (53), (54)
uim = G
ik
RH
kj
L (−ljm + e2W r(++)nljnl(−−)m ) , (107)
uim = G
ik
LH
kj
R (−rjm + e2W l(−−)nrjnr(++)m ) . (108)
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From Eqs. (107) and (108) we obtain the expression
(GTLGR)
ij = H ikL (−lkmrlm +
2(r(++)nlkn)(l
(−−)n′rln′)
(l(−−)n′′r(++)n′′ )
)HjlR , (109)
which provides the general solution for the sigma–model–like equation (1) in the gauge (67)
GijR = δ
ij , GijL ≡ Gij ,
Gij = H ikL (−lkmrlm +
2(r(++)nlkn)(l
(−−)n′rln′)
(l(−−)n′′r(++)n′′ )
)HjlR . (110)
To complete the description of the general solution of the string-inspired system of nonlinear
equations (2), (1), we have to present the expressions for chiral vector fieldsM
(∓∓)i
(±±) (3) in terms
of the chiral harmonics. This can be easily done by applying the derivatives ∂(++) and ∂(−−)
to both sides of Eqs. (107), (108) and contracting the results with the vectors l(++)and r(−−),
respectively. Then, using Eqs. (51), (52), one obtains
M
(++)i
(−−) = −H ijR r(++)m∂(−−)rjm , (111)
M
(−−)i
(++) = −H ijL l(−−)m∂(++)ljm . (112)
Thus the chiral vectors M
(++)i
(−−) and M
(−−)i
(++) appearing in Eqs. (2), (1) coincide with the
covariant components f
(∓∓)i
(±±) (86), (91) of the chiral Cartan forms which form a basis on the
“chiral spheres” SD−2R and S
D−2
L , respectively.
2.4.1 General solution of the string–inspired nonlinear equations
Eqs. (95), (110), (111) and (112) provide the general solution for the system of nonlinear
equations (2), (1), (3).
To be convinced of this, one has to take into account the following.
• When obtaining the expressions (95), (110), (111), (112) for all the functions which enter
Eqs. (2), (1), (3), we started from the general solution of the bosonic string equations
of motion in the standard Nambu-Goto approach and then used these solutions in the
equations of the geometric approach.
• As we demonstrated in Section 1, the equations of the geometric approach describing the
extrinsic geometry of the D–dimensional bosonic string worldsheet uniquely produce the
system of nonlinear equations (2), (68), (3).
• The equations of geometric approach and, therefore, Eqs. (2), (1), (3) specify the bosonic
string worldsheet uniquely (up to symmetry transformations, see e.g. [4]), and thus
describe exactly the same dynamical system as the ordinary (linear) string equations of
motion.
• The general solution (95), (110), (111), (112) is written in terms of two sets of chiral
spinor harmonics (78), which parametrize two copies of the compact coset (18)
SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂× KD−2
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isomorphic to the sphere SD−2. Thus it contains (D− 2) right–moving and (D− 2) left–
moving degrees of freedom, the same number as that of independent degrees of freedom
of the general solution (74) of the standard string equations of motion (71).
With this reasoning in mind, we conclude that the expressions (95), (110), (111) and (112)
for the functions W , G and M
(−−)i
(++) ,M
(++)i
(−−) obtained from the general solution of the standard
string equations have to provide the general solution of the geometric approach equations Eqs.
(2), (1), (3) (up to superfluous symmetry transformations).
3 On the group theoretical and geometrical structure of
the solution
In the course of deriving the general solution (95), (110), (111), (112) we have got the expressions
for the moving frame vectors (4) in terms of chiral harmonics 5
u++m = e
W−Lr(++)m ,
uim = −(GLHR)ij(rjm − V j(++)r(++)m ) , (113)
u−−m = e
−(W−L)(r(−−)m + r
(++)
m V
j
(++)V
j
(++) − 2rimV i(++)) ,
u++m = e
−(W+L)(l(++)m + l
(−−)
m V
j
(−−)V
j
(−−) − 2limV i(−−)) ,
uim = −(GRHL)ij(ljm − V j(−−)r(−−)m ) , (114)
u−−m = e
W+Lr(−−)m .
If the functions W and GL,R satisfy the nonlinear equations (2), (1), then Eqs. (113), (114)
can be regarded as the solution of the corresponding associated linear system defined by Eqs.
(11), with the Cartan forms (12) being specified by Eqs. (51), (52), (49), (50)).
The solution of the zero curvature representation given by the Maurer-Cartan equations
(34) with the Cartan forms (12) can be obtained by differentiating (113), (114). The solution
is presented by the following expressions for the generic Cartan 1-forms (13)–(16) in terms of
chiral once (86)–(89) and (90)–(93):
f++i = eW−L(GLHR)ijf
(++)j
R , (115)
f−−i = −e−(W−L)(GLHR)ij
(
f
(−−)j
R −2DRV j(++)−2f (++)kR (V k(++)V j(++)−
1
2
δkjV(++)V
l
(++))
)
, (116)
DRV j(++) ≡ dV j(++) + ωRV j(++) − V k(++)AkjR ,
ω = ωR + f
(++)iV i(++) + d(W − L) , (117)
Aij = (GLHR)ik(GLHR)jl
(
AklR + (GLHR)
−1d(GLHR))kl + 2f (++)[kV −−l]
)
, (118)
5More precisely, we have got the first two equations in each set (113), (114) while the third one can be
restored using the orthonormality conditions (5), (79), (80).
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f−−i = eW+L(GRHL)ijf
(−−)j
L , (119)
f++i = −e−(W−L)(GRHL)ij
(
f
(++)j
L −2DRV j(−−)−2f (−−)kL (V k(−−)V j(−−)−
1
2
δkjV(−−)V
l
(−−))
)
, (120)
DLV j(−−) ≡ dV j(−−) + ωRV j(−−) − V k(−−)AkjL ,
ω = ωR + f
(−−)iV i(−−) − d(W + L) , (121)
Aij = (GLHR)ik(GLHR)jl
(
AklR + (GLHR)
−1d(GLHR))kl + 2f++[kV −−l]
)
. (122)
On the other hand, as follows from the consideration in the previous section, the explicit
form of the general solution (95), (110), as well as the expressions (105), (106) for the ’boost’
parameters, can be obtained algebraically from Eqs. (114), (113) (with making use of the
orthonormality constraints (5), (79), (80) for the generic and chiral moving frame harmonics).
An intriguing point is that Eqs. (114), (113) generating the general solution have the form of
the parabolic symmetry transformations (83), (82) of the chiral harmonics, but with non-chiral
parameters.
Thus the prescription of how to solve the nonlinear equations (1), (2) can be formulated as
follows.
Let us introduce the two set of chiral harmonics (78), (79), (79) which define maps of the
right (left) light-cone sectors of the worldsheet M(0,1) ≡ {(ξ(−−))} (M(1,0) ≡ {(ξ(++))}) onto
the sphere SD−2
r(a)m : M(0,1) ≡ {(ξ(−−))} → SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂×KD−2 ,
r(a)m : M(1,0) ≡ {(ξ(++))} → SD−2 =
SO(1, D− 1)
SO(1, 1)× SO(D − 2) ⊂×KD−2 .
Further, let us assume that the generic harmonics (4), (5)
uam : M(1,1) →
SO(1, D − 1)
SO(1, 1)× SO(D− 2)
are related to the chiral ones by the parabolic transformations (113), (114) (with the chiral
parameters HL and HR omitted for simplicity).
Then let us exploit the SO(D − 2) gauge freedom to fix the SO(D − 2) rotation matrix
in (113) to be the unity one. The SO(D − 2) rotation matrix in (114) taken in this gauge
provides us with the solution (110) of the WZNW sigma–model-type equation (1) (with the
chiral vectors M
(++)i
(−−) , M
(++)i
(−−) determined by the homogeneously transforming components of
chiral Cartan forms (86), (91)
M
(++)i
(−−) = f
(++)i
(−−)R , M
(++)i
(−−) = f
(−−)i
(++)L
(cf. (112), (111))). The product of the SO(1, 1) transformation factors from (113) and (113)
produces the general solution of the Liouville–like equation (2).
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Since the parabolic transformations (114), (113) have a “triangular” form, one can expect
that the described method of getting the general solution bears a tight relation to the known
group–theoretical methods of solving nonlinear equations, like those developed and used in
[14, 15, 16]. A detailed examination of such a relationship could provide a deeper insight into
the nature of integrability and we consider it as an interesting problem for the future study.
4 Conclusion
Thus we have obtained the general solution of the string–inspired nonlinear equations (1),
(53), (3) describing the extrinsic geometry of the bosonic string worldsheet in the geometrical
approach [1, 2, 3, 5].
The solution is given in terms of the two sets of chiral (left–moving and right–moving)
Lorentz harmonic variables (78), (79), (80) and has the form (after fixing a gauge with respect
to some extra symmetries)
e−2W =
1
2
r(++)m l
(−−)M , (123)
Gkj = −lkmrjm +
r(++)m l
kml(−−)n r
jn
r
(++)
p l(−−)p
, (124)
M
(++)i
(−−) (ξ
(−−)) = r(++)m∂(−−)r
i
m , (125)
M
(−−)i
(++) (ξ
(++)) = l(−−)m∂(++)lim . (126)
The analysis of the solution of the associated linear system demonstrates that the general so-
lution we have found can be regarded as the parabolic subgroup SO(1, 1)× SO(D − 2) ⊂×KD−2
transformations [10] of the chiral harmonics with non-chiral parameters. As these transforma-
tions are of a “triangle” form in the matrix representation, we can expect a close relation of our
approach to the existing group–theoretical methods of solving nonlinear equations [14, 15, 16].
It is an interesting task for further study to elaborate such a relation in more detail.
A natural direction of extending our results is to look for the solution of a supersymmetric
generalization of the considered nonlinear equations. Such a system describes the extrinsic
geometry of the worldsheet superspace of D = 3, 4, 6, 10 superstring models 6.
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Appendix : Relation with the standard form of general
solution of the Liouville equation
Here we demonstrate that for D = 3 case Eq. (95) reproduces the general solution of the
nonlinear Liouville equation. Using the well-known parametrization of the SO(1, 2) matrices
l
m
(a) =


coshAL sinhAL 0
sinhAL coshAL 0
0 0 1

 ,
r
m
(a) =


coshAR − sinhAR 0
− sinhAR coshAR 0
0 0 1

 , (127)
∂(−−)AL = ∂(++)AR = 0 ,
one finds the following form of chiral harmonics (78)
l(−−)m =
(
coshAL , sinhAL , 1
)
,
l⊥m =
(
sinhAL , coshAL , 0
)
, (128)
l(++)m =
(
coshAL , sinhAL , −1
)
,
r(−−)m =
(
coshAR , − sinhAR , 1
)
,
r⊥m =
(
− sinhAR , coshAR , 0
)
, (129)
r(++)m =
(
coshAR , − sinhAR, −1
)
.
Substituting these expressions into the Eqs. (95), (111), (112) with D = 3, one gets
e−W = cosh
AL + AR
2
, (130)
M++⊥(−−) (ξ
(−−)) = r(++)m∂(−−)r
⊥
m = −∂(−−)AR , (131)
M−−⊥(++) (ξ
(++)) = l(−−)m∂(++)l⊥m = ∂(++)AL . (132)
The relation to the standard parametrization of the general solution of the Liouville equation
(see e.g. [18]) is given by
fL,R = expAL,R .
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